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Abstract. We study in this paper properties of functions of perturbed normal opera- 
tors and develop earlier results obtained in [APPS2]. We study operator Lipschitz and 
commutator Lipschitz functions on closed subsets of the plane. For such functions we 
introduce the notions of the operator modulus of continuity and of various commutator 
moduli of continuity. Our estimates lead to estimates of the norms of quasicommuta- 
tors f{Ni)R — Rf{N2) in terms of ||A'^i_R — i?A'^2||, where A''i and are normal operator 
and 7? is a bounded linear operator. In particular, we show that if < a < 1 and / is 
a Holder function of order a, then for normal operators A''i and 

\\f{m)R - Rf{N2)\\ < const(l - a)-^||/||A„ \\N^R ~ iJiVaT 

In the last section we obtain lower estimates for constants in operator Holder estimates. 
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1. Introduction 



In this paper we continue the study of properties of functions of normal operators 
under perturbation. This study was undertaken in [APPS2] (see also [APPSl]). Let us 
summarize briefly some results obtained in [APPS2]. 

It was shown in [APPS2] that if / is a function on the plane that belongs to the 
(homogeneous) Besov space i3^]^(M^), then it is operator Lipschitz, i.e., 

||/(A^i)-/(iV2)|| <const||iVi-iV2|| 
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for arbitrary normal (not necessarily bounded) operators A^i and N2 such that A''i — N2 
is bounded. We refer the reader to [Pee] for definitions and basic properties of Besov 
spaces. 

Note that a Lipschitz function on the plane (i.e., a function / such that 
|/(Ci) - /(C2)| < const ICi - C2I, Ci, C2 e C) 

does not have to be operator Lipschitz. This is not true even for functions defined on 
the real line M, i.e., there are Lipschitz functions / on R such that 

where the supremum is taken over bounded self-adjoint operators A and B. The first 
example of such functions was constructed in [F]. Later it was shown in [Mc] and [K] 
that the function x 1-^ |a;| on R is not operator Lipschitz. Note also that in [Pe2] a 
necessary condition was found: if a function / on M is operator Lipschitz, then / belongs 
locally to the Besov class ^ (R) . 

It was also shown in [APPS2] that if / belongs to the Holder class Aq,(R^), < a < 1, 
i.e., 

|/(Ci) - /(C2)| < const Id - C2r, Ci, C2 e C, 
then / is operator Holder of order a, i.e., 

||/(Ari) - /(iV2)|| < c^II/IIaJIATi - N^r (1-1) 

for arbitrary (not necessarily bounded) normal operators Ni and N2 such that Ni — N2 
is bounded. Moreover, it is shown in [APPS2] that Ca < const(l — a)~^. Here 

def |/(Cl)-/(C2)| 
Aa = sup 



(i/c2 ICi - C2h 

More general results were also obtained in [APPS2] in the case of arbitrary moduli of 
continuity. Recall that a continuous nondecreasing function u : [0, 00) — > [0, 00) is called 
a modulus of continuity if 

uj{x + y) < uj{x) + uj{y), x, yG[0, 00). 

It was shown in [APPS2] that if a; is a modulus of continuity and / G A£j(M^), i.e., 

|/(Ci) - /(C2)| < consta;(|Ci - C2I), Ci, C2 e C, 

then 

||/(Ai) - /(iV2)|| < C||/||a„ lo^WN, - A2II), 
where C is a numerical constant and 

„.(,)4j.j^~^,, = yf"^,, S^O. (1.2) 

Here 

11,11 def |/(Cl)-/(C2)| 

II/IIa. = sup — — -— . 

Ci7^C2 ^(Ki-C2|) 

We would like to also mention here that in [APPS2] estimates for Schatten-von Neu- 
mann norms norms of f{Ni) — f{N2) as well as other ideal norms are also obtained. 
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Note that similar results were obtained earlier for self-adjoint operators (as well as for 
unitary operators, contractions, and dissipative operators) in [Pe2], [Pe4], [Pe5], [API], 
[AP2], [AP3], [AP4], [Pe3], [AP5]. 

Analogous estimates were obtained in [APPS2] for commutators and quasicommuta- 
tors. Namely, it was shown in [APPS2] that if / G ^^^(M^)^ then 

\\f{Ni)R - Rf{N2)\\ < const max{||7Vii? - RN2\\, \\N*,R - RN^\\] (1.3) 

for an arbitrary bounded operator R and arbitrary normal operators Ni and N2 such 
that the operators NiR — RN2 and N^R — i?iV| are bounded. 
Next, the following analog of (1.1) was proved in [APPS2]: 

\\fiN^)R - RfiN2)\\ < Ca\\f\\A„majc{\\NiR- RN2\\,\\mR- RNnr\\m'~", (1-4) 

whenever / G Ao,(R^), i? is a bounded operator, and A'^i and are normal operators such 
that the operators NiR — RN2 and N^R — RN2 arc bounded. Here < const(l — a)~^ . 

Finally, it was shown in [APPS2] that under the same hypotheses on R, Ni and A^2, 
the following inequality holds for an arbitrary modulus of continuity cu and an arbitrary 
function / in A;^(R^): 

\\fim)R-Rf{N2)\\ (1.5) 



< const ||/||a,.,||-R|| 



'max {IliVii? - RN2\\, \\N^R - RN^\\}\ 

, m )■ 

In this paper we consider the problem of whether we can estimate the quasicommu- 
tator norms \\f{Ni)R — i?/(A'^2)|| in terms of \\NiR — -RiV2|| rather than in terms of 
max{||7Vii? - RN2\\, WNfR- RN^\\}. 

Let us first mention that in inequality (1.3) it is impossible to replace 
max{||A^ii? - i?A^2||, \\N^R - RN^W} with ||A^ii? - RN2\\. Indeed, it can be deduced 
from results of [JW] that if 

\\f{Ni)R-Rf{N2)\\ < const \\NiR-RN2\\ (1.6) 

for arbitrary bounded Ni and A'2 with spectra contained in a given closed set ^, then 
/ must have complex derivative at each nonisolated point of ^. In particular, if 5^ = C 
and / satisfies (1.6), then f{z) = az + b for some a, 6 G C. 

Surprisingly, it turns out that inequality (1.4) still holds if we replace 

max{||iVii? - RN2\\, \\N^R - RN^\\} with \\NiR - RN2\\. However, the constant Ca 
jumps. Namely, wc show in § 6 of this paper that 

\\fiNi)R- RfiN2)\\ < cMUJNiR- RN2\n\R\\'-" (1.7) 

with Ca < const (1 — a)~^. We do not know whether inequality (1.7) holds with < 
const(l — a)~^. 

We also obtain in § 6 the following modification of inequality (1.5): 

||/(iVi)i?-i2/(Ar2)|| < const ||/||Aj|i?||a;„(^^M_^j , (1.8) 

def 

where cj** = (cj*)*. Again, we do not know whether we can replace in (1.8) a;** with cj*. 



In § 7 we study the problem of whether our estimate of the constant in inequality 
(1.1) is sharp. We show that Cq > C(l — q;)^^/^ for a positive number C. 

We introduce in § 5 various commutator moduli of continuity and study their proper- 
ties. We study in § 3 some properties of operator Lipschitz and commutator Lipschitz 
functions. 

In § 4 we give some auxiliary results: norm estimates in the space of functions with 
absolutely convergent Fourier integrals and estimates of commutator Lipschitz norms. 

Finally, in § 2 we give an introduction into Schur multipliers and double operator 
integrals. 



2. Schur multipliers and double operator integrals 

We define in this section notion of Schur multipliers associated with two spectral 
measures. However, we start the section with the definition of Schur multipliers asso- 
ciated with two scalar measures. This corresponds to the case of spectral measures of 
multiplicity 1. We discuss properties of Schur multipliers and define double operator 
integrals. 

Let and {y,y) be cr-finite measure spaces. Let k G L?'{X x 3^, // v). Then 

k induces the integral operator = X^'^ from Lp'{i') = L'^{y,iy) to L'^{fi) = L?'{X,ij) 
defined by 

{Zkf){x) = [ k{x, y)f{y) du{y), f G L\y, v). 

Jy 

Denote by = the operator norm of 1^. Let $ be a /x (g) z^-measurable 

function defined almost everywhere on X xy. We say that $ is a Schur multiplier with 
respect to fi and v if 

lif sup{||$A;||b : k ,^k ^ L^{X xy ,n®v), < 1} < oo. 

We denote by ^^y space of Schur multipliers with respect to fi and v. It can be 
shown easily that ^^'^y C L°° {X x y , fj, <^ v) and 

\\HL^{Xxy,i^i^u) < II^IIot^;^- (2-1) 

Thus if $ G then 

II^IIot^;^ =sup{||$/c||b : k e L'^{X x y, fi ® u), ||A;||b < l}. 
Note that ^x'y ^ Banach algebra: 

It is easy to see that H^HogM,^ = ||$bllOT^'|^ for %{y,x) = 

Note that if X and y are at most countable sets, and /j, and u are the counting measures 
on X and y, the above definition coincides with the definition of Schur multipliers on 
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the space of matrices: a matrix A = {aj^} is called a Schur multiplier on the space of 
bounded matrices if 

A~k B is a matrix of a bounded operator, whenever B is. 

Here we use the notation 

A*B = {ajkbjk} (2.2) 

for the Schur-Hadamard product of the matrices A = {ajk} and B = {bj^} 

Clearly, the norm of A in the space of Schur multipliers is the norm of the transformer 

Bt-^ Ai^B. 

We need the following known result: 

Lemma 2.1. Let {Gn}'^=i be a sequence of disjoint ji-measurable subsets of X and let 

def °° 

{i^njj^i be a sequence of disjoint v -measurable subsets of y . Put Z = [J {Gn x Hn). 

n=l 

Then < 1- 

Proof. Let k e L'^{X x y, pL(S) u), f e L'^{y, u) and g G L'^{X, h). We have 



\{Ix^kf,9)\ 



Yl {Tk{X„^f),XGn9) 



n=l 



< \\k\\BYl,\\^Hr,f\\L^{v)\\XGr.f\\L^[lA 

n=l 

/ oo \^/^/oD \ 1/2 



vn=l / \n=l 



< \MB\\f\\L^u)\\9\\L^ti)- 

Hence, \\Xz^B < \\k\\B, and so HXzIIot^J-" < 1- ■ 
Clearly, taking (2.1) into account, we find that 

IIXzIIot^;^ = 1> (2-3) 

whenever {fi (g) u){Z) = Y.'^=i fJ'{Gn)j^{Hn) > 0. 

To state a description of the space of Schur multipliers we define the integral projective 
tensor product L'^(/x)(8)iL°°(z/) of -L°°(/i) and L°°(z/). We say that $ G L'^(/x)(8)iL'^(z/) 
if $ admits a representation 



,y)= ip{x,w)'4>{y,w)dX{w) 



x,y)= / fix,w)'ilj{y,w)dX{w), (2.4) 



where (fi. A) is a a-finite measure space, (/5 is a measurable function on =^ x fi, ■)/' is a 
measurable function on x Q, and 

/ y{-,'w)\\LooiM{-,w)\\L^/^)dX{w) < oo. 
Jn 
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The space of Schur multipliers admits the following description: 



Theorem on Schur multipliers. Let {X^jj) and {y^v) he a-finite measure spaces 
and let ^ be a measurable function on ^ x W. The following are equivalent: 

(i) $ G 971^;^; 

(ii) $ G L~(^)®iL~(z/); 

(iii) there exist a a-finite measure space {^l, X), measurable functions (p on ^ xQ, and 
on '3^ X J7 such that (2.4) holds and 



\(p{-,w)\'^ dX{w] 



1/2 



IV(-,^)Nak 



1/2 



< OO. 



L°°(F) 



We refer the reader to [Pe2] for more detailed information and references. 

Let X and y be closed subsets of C. We denote by Tlx,y the space of Borel Schur 
multipliers on X x y, i.e., the space of Borel functions $ defined everywhere on X x y 
such that 

II ^11 def II-, II 

ll^lb;,,^ = SUp||$||2,lM,-^ < OO, 

where the supremum is taken over all Borel measures /x and on X and y. In the case 
X = y, we use the notation 



It can be shown easily that 



sup \^{x,y)\ <\\<^>\\fmxy■ 
{x,y)exxy 

It is also easy to verify that if G ^x.y, $ is a bounded Borel function on X xy, and 
^n{x,y) ^{x,y) for all e X xy, then 

ll^llajtAry < liminf ||$„||g3t;tv- 

In particular, $ G ^)J^x y if liminf ll^nllsjli- v < oo- 
We need the following version of Lemma 2.1. 

Lemma 2.2. Let fi and v be Borel measures on closed subsets X and y ofC. Put 

A = {{x,y)GXxy :x = y}. 
Then HXaIIot^;^ < 1 (^^d hence, \\xA\\wx,y < 1- 

Proof. Put Xo = {x e X : fi{{x}) > 0}, 3^o =^ {v ^ y ■ J^({y}) > 0} and 
Aq *== {{x,y) G Xq X y^ : X = y}. Clearly, Xq and 3^o sive at most countable. It is easy 



to see that \ Aq) — 0. Hence, ||Xa llsH'^''' 

that IIxa IIot^'" — 1 by Lemma 2.1. ■ 



\Xaq \m 



" . It remains to observe 



Corollary 2.3. Under the hypotheses of the lemma, the following inequality holds: 
IIX(Arxy)\AllOTjJ;^ < 2 and \\x^xxy)\A\\^x,y ^ 2. 



The following result is also well known. 

Let f € C(C). Put ^{z, w) =^ f{z — w). Then $ G dJlc if and only if there exists a 
complex measure /j, on C such that 

/(2)= /e-^^(^^)d/x(C) and = H(C). (2.5) 

JC 

A similar statement holds for an arbitrary locally compact abelian group. The case 
of the group Z is considered, e.g., in [Be]. 

Let us proceed now to double operator integrals. The theory of double operator 
integrals was developed by Birman and Solomyak in [BSl], [BS2], and [BS3], see also 

their survey [BS4]. 

Let ,Ei) and (^^, £'2) be spaces with spectral measures E\ and E2 on a separable 
Hilbert space Jf. The approach of Birman and Solomyak is to define first double operator 
integrals 

j j ^x,y)dE^{x)TdE2{y), (2.6) 

for bounded measurable functions <I> and operators T of Hilbert Schmidt class 82- 

We define here double operator integrals for arbitrary bounded operators T and refer 
the reader to [BSl], [BS3], and [Pe2]. 

Definition. Let n and v be cr-finite measures on X and y such that Ei and fi are 
mutually absolutely continuous, and E2 and u are mutually absolutely continuous. We 
say that a measurable function ^ on X x y is a Schur multiplier with respect to Ei and 
if ^ € '^x'y- denote the space of such Schur multiphers by 9Jt(£'2, £^i)- 

It is well known that the definition does not depend on the choice of measures jj, and 

Let us now define double operator integrals (2.6) for bounded operators T. Suppose 
that $ G 9Jt(£'2,-Ei) and $ admits a representation (2.4) with 

/ \W{-M\\L'-'(EA'4^{-,w)\\LooiE2)dK'^) <oo. 
JQ 

We put 

j j ^{x,y)dE^{x)TdE2{y) = j I j <p{x,w) dE^{x)\T j i;{y,w) dE2{y) \ d\{w). 

It can be shown that the definition does not depend on the choice of a representation 
(2.4). 

It is also well known that for $ € Tl{E2, Ei), 

ll^llsmj^;^ = ll^llsm(E2,Si), 



where 



l$l 



9n(£2,Bi) 



def 



sup 

||T||<1 



I J ^x,y)dEi{x)TdE2{y) 
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and /X and v are as in the above definition. 

Birman and Solomyak proved that if i? is a bounded hnear operator, A and B are (not 
necessarily bounded) self-adjoint operators such that AR — RB is bounded and if / is a 
continuously differentiable function on M such that the divided difference 2)/ defined by 

x-y 

is a Schur multiplier with respect to the spectral measures of A and B^ then 

f{A)R-Rf{B)= [[ {^f){x,y)dEA{x){AR-RB)dEB{y) (2.7) 

J JRxM. 

and 

\\fiA)R-RfiB)\\ < \\f\\^^E^^E,)\\AR-RB\\, 

(see [BS3]). 

Let us proceed now the case of normal operators. Suppose that A'^i and are normal 
operators, R is a bounded operator such that the operator NiR — RN2 is bounded, / is 
a continuous function on C, and the function D^f is defined by 



(2'o/)(Ci,C2) = 



/(Ci)-/(C2) 
C1-C2 ■■ 



Cl 7^ C2, 

,0, Cl = C2. 

As in the case of self-adjoint operators, it can be shown that 



f{m)R - Rf{N2) = JJ (2)o/)(Ci, C2) dEN,{Ci){NiR - RN2) dEN,{C2), (2.8) 



CxC 



whenever Dq/ G ^(En-^, En^)- Moreover, 

\\fiNi)R-Rf{N2) 



< 



\'^of\\dn{EN-^,EN2)- 



However, the class of functions /, for which formula (2.8) can be used is not as ample 
in general as in the case of formula (2.7). Indeed, it follows from results of [JW] that 
if Ni = N2 and the spectrum a{Ni) of Ni has a nonisolated point, then / must have 
complex derivative at that point. In particular, So/ G Dyi{Eisf^, Ejsf^) for all such normal 
operators Ni and N2 if and only if / is a linear function. 



3. Operator Lipschitz and commutator Lipschitz functions 



In this section we study properties of operator Lipschitz functions. We also introduce 
the class of commutator Lipschitz functions. 

We deal in this section with bounded normal operators. We show later that almost 
all the results remain valid for unbounded normal operators, see § 5. 
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Let SA denote the set of bounded self-adjoint operators, U denote the set of unitary 
operators, and let P denote the set of orthogonal projections. For a closed subset ^ 
of C, we denote by N(g^) the set of bounded normal operators N with spectrum a{N) 

contained in N =^ N(C). Finally, we put USA =^ U n SA. 

The following theorem is a generalization of Theorem 10.1 in [AP2]. 

Theorem 3.1. Let f be a continuous function on a closed subset ^ofC The following 
are equivalent: 

(i) ||/(Ari) - f{N2)\\ < \\m - N2\\ for all m,N2 G 

(ii) \\f{N)U - Uf {N)\\ < \\NU - UN\\ for all N G N(J) and U G U; 

(iii) ||/(iV)^ - Af{N)\\ < \\NA - AN\\ for all N G N(5) and A G SA; 

(iv) ||/(A^)g - Qf iN)\\ < \\NQ - QN\\ for all N G N(5) and Q G USA; 

(v) ||/(iV)P - Pf{N)\\ < \\NP - PN\\ for all N G N(5) and P G P; 

(vi) \\f{N)R-Rf{N)\\<uiB2L{\\NR-RN\l\\N*R-RN*\\]forallNGn{^) and 
all bounded operators R; 

(vii) \\f{Ni)R-Rf{N2)\\ < max {||Arii2-ii:Ar2||, \\NIR-RN^\\} forallNi,N2 G 
and all bounded operators R. 

Proof. The implications (vii)^(i) and (iii)=>(iv) are trivial. Note that Q G USA if 
and only if Q = 2P — / for an orthogonal projection P. Hence, statements (iv) and (v) 
are equivalent. 

Thus it suffices to verify the implications (i)=^>(ii)=^>(iii)=^>(vi)^(vii) and (iv)=^>(i). 

def def 

To prove the implication (i)=>(ii), it suffices to put Ni = N and N2 = UNU*. Let 
us show that (ii)=>(iii). Substituting U = exp{itA) in (ii), we obtain 

\\f{N) - exp(it^)/(iV) exp(-it^)|| < ||Ar - exp(it^)iVexp(-itA)|| for every t G R. 

It remains to observe that 

,^^J|/(iV)-exp(itA)/(iV)exp(-iM)||^ ^^^^^^ _ ^^^^^^ 



and 



||A^-exp(ia)iVexp(-ia)||^ 

t^o \t\ " " 



Let us prove now that (iii)=^(vi). We consider the normal operator ^ and the bounded 
self-adjoint operator ^ defined as follows 

fN 0\ /O R\ 

^ = { and ^ = 

\0 Nj \R* Oj 

It is easy to see that cr(=yK) = o-{N), 

( f{N)R\ ( Rf{N)\ 



fU)^ 



and J^f(J^) = 
\f{N)R* J \R*f{N) J 



Clearly, 



11/(^)^-^/(^)11 =max{||/(7V)i?-i?/(7V)||, \\f{N)R*-R*fiN)\\} 
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and 

W^^-^J^W = max {\\NR - RN\\, \\NR*-R*N\\}. 

It follows that 

\\fiN)R - Rf{N)\\ < \\f{^)^ - ^f{^)\\ < \\^^ - s^^W 

= max{||iVi2-i?A^||, \NR* -R*N\}. 
Now let us show that (vi)^(vii). Put 

^Sf^- and 

Then a{j^) = a{Ni) U (j{N2), 

/O f(Ni)R\ /O Rf(N2)\ 

Hence, 

\\f{N^)R-RfiN2)\\ = 11/(^)^-^/(^)11 

< max {11^^ -^^11, 

= uiax{\\NR- RN\\, \\NR* - R*N\\}. 
To complete the proof, it remains to show that (iv)=>(i). Let Ni,N2 G N{E). Put 

fNi o\ /o A 

^ = and ^ = 

Then ^ G N{E), 

[ /(A^i)\ / f{N2)\ 

fi^)^ =\ ^ M , and ^/(^) = , 

and the inequality ||/(^)^ - ^/(^)|| < ||^,^ - ^JV\\ implies the inequality 
||/(iVi)-/(iV2)||<||A^i-A^2||. ■ 

The reasoning in the proof of (vi)^(vii) allows us to obtain the following statement: 

Theorem 3.2. Let f he a continuous function on a closed subset^ ofC The following 

are equivalent: 

(i) \\fiN)R - RfiN)\\ < \\NR - RN\\ for all N G N(5) and all bounded operators R; 

(ii) ||/(A^i)-R - -R/(iV2)|| < ||iVii? - RN2\\ for all Ni,N2 £ N(g-) and all bounded 
operators R. 

Denote by OL(S^) the set of operator Lipschitz functions on i.e., the set of / G C{^) 
such that 

||/(Ari)-/(iV2)|| < const ||A^i-iV2|| for all Ni,N2eN{d). (3.1) 
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We use the notation ||/||ol(5^) for the best constant on the right-hand side of (3.1). It 
is easy to see that ||/||ol(5) < 1 if and only if / satisfies the equivalent statements of 
Theorem 3.1. 

Denote by CL(5^) the set of commutator Lipschitz functions on ^, i.e., the set of 
/ G C(5) such that 

\\f{N)R - Rf{N)\\ < const \\NR - RN\\ (3.2) 

for all N G N(5) and bounded operators R. We use the notation ||/||cL(5) for the best 
constant on the right-hand side of (3.2). Theorem 3.2 implies that 

\\f{Ni)R-Rf{N2)\\ < \\f\\cLm\\NiR-RN2\\, 

whenever Ni, N2 G N(5), -R is a bounded operator, and / G CL(5). 

It is clear that CL(S^) C 0L{^) and ||/||oL(5) < ll/llcL{y)- Note also that CL(S^) = 
0L(5^) if 5^ C M. But in general CL(5^) ^ OL{S). 

For example, ~ G OL(C) \ CL(C). Moreover, it is well known that if / G CL(g^), then 
there exists finite limit 

z—>-zo Z — Zq 

for each limit point zq of ^. This follows from results of [JW], see also [KS]. Indeed, 
inequality (3.4) below implies that So/ G Hence, / has complex derivative at any 
nonisolated point of ^ by Theorem 4.1 in [JW]. 
In particular, CL(C) = {az + b : a,b e C}. 

Theorem 3.3. Let f be an operator Lipschitz function on C. Then f has finite 
derivative at every point in every direction. 

Proof. Clearly, /|M is an operator Lipschitz function on R. Hence, it is differentiable 
everywhere on M by Theorem 4.1 in [JW]. In particular, the partial derivative fj(0) 
exists and is finite. To complete the proof, it suffices to observe that the space of 
operator Lipschitz functions on C is translation and rotation invariant. ■ 

It is clear from the proof of Theorem 3.3 that the following statement is also true. 

Theorem 3.4. Let f G 0L{^), where ^ be a closed subset of C Then f has finite 
derivative at every point ( £ ^ in each direction ^ G C such that is not an isolated 
point o/{i G M : C + *C e g^}. 

Nevertheless, it turns out that functions in OL(C) do not have to be differentiable as 
functions of two real variables. To construct such a function, we put 

■ ^n+l/^n^ if C / 0, 

0, if C = 0. 

Theorem 3.5. Let n G Z. Then hn G OL(C) and 

ll^nlloL(C) = ll^nllLip(C) = |2n 1|. 

The function hn is not differentiable at the origin unless n = orn = —\. 
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K{0 = 



Proof. Clearly, /io(C) = C ^-liO = C- Thus the conclusion of the theorem is 
obvious if n = or n = —1. Put 

f cm, if c 7^0, 

sgnC = < 

\ 0, if C = 0. 

It is easy to see that /in(C) C^gn^^C for n > and hn = h-n-i for every n in Z. 
Hence, it suffices to consider the case n > 0. 
Let Ni and N2 be normal operators. We have 

n 

hn{Ni) - K{N2) =^sgn2"-2i(Ari)(iVi - N2)sgn^\N2) 

j=0 
n-1 

+ J2 sgn2"-'^'(Ari)(iV2* - iVD sgn2^-+2(iV2), 

j=0 



smce 



and 



N2 sgn2^ (iV2) = sgn2^+2(iV2 



sgn2"-2j-2(^^)^^ = sgn2"-2j(iVi)iVi*. 

Hence, ||/i„(iVi) - /i„(iV2)|| < (2n+ l)||iVi - N2\\. 

Since, obviously, ||/?ti||ol(C) ^ ll^n||Lip(c)) it suffices to show that ||/in||Lip(C) > 2ra + 1, 
which follows immediately from the equality hn{e^^) = e'(2n+i)t_ 

It is easy to see that hn is not differentiable at the origin forn^jO,— 1}. ■ 

For a function / on a subset of C we define the function 

if Z,Wed, Zy^W, 

0, ii X E ^, z = w. 

We need the following well-known inequality 

ll/llcL(5) < ||2)o/lb, (3.3) 

for any closed subset ^ of C. In the case C M the proof can be found in [AP6]. 
Inequality (3.3) can be derived from the following formula (see (2.8)): 

/(iVi)i? - Rf{N2) = jj (2)o/) {z, w) dEM, {z){NiR - RN2) dEj,, {z), 

where / is a function such that S)o/ € DJlj, Ni and A^2 ai'c normal operators with bounded 
NiR — RN2 whose spectra are in ^, and E'jVj and E'jVj are the spectral measures of Ni 
and N2. One can prove that 

Po/lks < 2||/||cL(y) (3.4) 

for every closed subset 5 of C. This was proved in [AP6] in the case 5^ C M. The general 
case can be treated in the same way. We omit the details because we are not going to 
apply this estimate in this paper. 

12 



Let / G CL(5^). Suppose that ^ has no isolated points. Put 



It was observed in [AP6] that the equahty 

ll/ll0L(5) = ||/||CL(J) = IIS/Iks 

holds in the case 5^ C M. In the same way one can prove that 

ll/llcL(y) = P/lbs 

for every closed subset ^ of C. We omit the details. 

As we have mentioned above, the operator Lipschitz norm admits the following esti- 
mate in terms of the multiplier norm: 

ll/lloL(5) < Po/lkj. (3.5) 

However, this estimate is not as helpful as in the commutator Lipschitz case. Indeed, if 
5 has nonempty interior, then for the function z the right-hand side of (3.5) is infinite, 
while the function z is certainly operator Lipschitz. 

On the other hand, the operator Lipschitz norm admits the following upper estimate 
in terms of the multiplier norms of certain functions: 

if f is a continuous function on a closed subset ^ of C that admits a representation 

f{z)-f{w) = {z-w)gi{z,w) + {z-w)g2{z,w), z,wed, (3.6) 
for some gi,g2 € Then f G OL(g^) and 

ll/lloL(j) < I|5i||ot(5) + I|52||ot(5)- (3-7) 

Indeed, as in Theorems 5.2 and 10.1 of [APPS2], it can be shown that the following 
formula holds for Ni, N2 e N(5^): 



f{Ni) - f{N2) = giiz, w) dEN, {z){Ni - N2) dEN,{w) 
■ j I g2{z, w) dEN, {z){N; - N*) dEN, (w). 



+ 
5x5 



This immediately implies (3.7). 

Note that estimate (3.7) in many cases is considerably more helpful than (3.5). In 
particular, it was shown in [APPS2] that if / belongs to the Besov class Bl^i{M?), then 
/ admits a representation of the form (3.6) with gi, g2 G 9Jt(C). 
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4. Absolutely convergent Fourier integrals 
and estimates of commutator Lipschitz norms 



We are going to obtain in this section norm estimates of certain functions in the space 
of functions with absolute convergent Fourier integrals. This will allow us to obtain 
certain commutator Lipschitz estimates. 

We denote by Z the set of complex integers: 

def 

Z = Z + iZ. 

Put 

Lemma 4.1. Suppose that Q < 5 < r < oo. Then there exists a function h G L^{^) 
such that 

2r z 
ll^llfi < constlog— , /i(0) = 0, and h{z) = -, whenever 5 < \z\ < r. 
^ z 

Proof. Clearly, it suffices to consider the case when 8 = 2 and r = 2" with n > 1. 
We can take an even function G C°°(M) such that supp<^ C [—2,2] and ^{x) = 1 for 

X G [-1,1]. Put h{z) =^ ^(99(2-"|z|) - ¥^(1^1)). Then h G P{C) and h{z) = ^ in the 
annulus {2 < \z\ < 2"}. To estimate we put ip{z) =^ ^ ((^(|z|/2) - ip{\z\)). Then 

n-1 
A;=0 

and 



n-1 

l%i<EllV'(2-M||£i=r^ 
fc=0 



Corollary 4.2. Let A be a finite subset of C Assume that 0<S<\X — iJ,\<r for 
all A, /X G A such that \^ ji. Then for f{z) = z we have 

2r 

ll/llcL(A) < IISo/IIota < const logy. 

Proof. The left inequality is a special case of (3.3) while the right one is an immediate 
consequence of (2.5) and Lemma 4.1. ■ 

Corollary 4.3. Let f{z) = z and < 6 < r. Then 

2r 

ll/llcL(52nrB) < W^ofWrn^zr^rn ^ COnstlogy, 

where B {zeC: \z\ < 1}. 
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Lemma 4.4. Put 

def 



z, if \z\ < 1, 

= -1 ' ; (4-1) 

z , ij \z\ > 1. 



Then * G L^{C). 



Proof. It is easy to see that ^ = Xd the sense of distributions. We need the 
weh-known formula 

{^-'xJiO = (4.2) 

where Ji denotes the Bessel function. We prove (4.2) here for the reader's convenience. 
Recall that 

def M)^(x/2)2^ 

T{u + k + l)k\ 

Applying the polar change of variables and the Poisson formula (see [W], §2.3, formula 
(2)) we find that 



^/'r*(r|<l)* = ^J.(|C|), 



{z, w) i-^"^ 



27r 

where m2 stands for planar Lebesguc measure. Hence, 

( ^-ivDvn - ^H^'^xJ(C) _ i^i(ICI) 

It remains to observe that | Ji(x)| < const a;"""^/^, x > 1, see, for example, [W], §7.21. 
Corollary 4.5. The function 

' z — w 
a 

belongs to 9JJc and its norm in 93Tc is equal to H^Hji^q for every a > 0. 
Consider the following function on C: 

0, c = 0. 

Note that for every function / on a subset ^ of C, 

(2)o/)(-^, w) = {f{z) - f{w))Xiz - w), z,wed. 
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A(C) = 



Theorem 4.6. Let A be a subset of C. Suppose that |A — /x| > 5 > for all distinct 
A and fx in A. Then 

CL(A) < II^o/IIota < const^sup{|/(A)| : A G A}. 



Proof. Note that 



X{z - w) = (^-^ ] , {z,w)eAxA, 



where is defined by (4.1). Hence, by Corollary 4.5, 

||A(2; -w)\\mt, < const ^, 

and so 

||2)o/|kA < - w)\\^^ + \\f{w)\{z - w)\\^^ 

< 2const^sup{|/(A)| : AG A}. ■ 
Corollary 4.7. Let S > and let f be a bounded function on SZ. Then 

ll/llcL(5Z) < ||Do/lk,^ < const ^ sup {|/((^n)| :nGC}. 
The following theorem shows that Corollary 4.3 is sharp. 
Theorem 4.8. Let f{z) = z and < S < r. Then 

It 

ll/llcL(5Znr-D) > const logy. 
To prove the theorem, we need several auxiliary facts. 
Lemma 4.9. Let ^ be the function defined by (4.1). Then 



const 



|((^-^(^^))(0| < ^GC. 

Proof. It is easy to see that = 2zXji{z) in the sense of distributions. 
Applying the polar change of variables, we obtain 







■\e-^''^ Te^'^l^l^^^^cosV'dV, 
71"^ Jo Jo 



where m2 stands for planar Lebesgue measure. Applying the Poisson formula (see [W], 
§2.3, formula (2)), we obtain 

jT^gixcosVcosV^dV = -i^ (^'"'°'^ di^j = -i7rJ'o(x) = i7rJi(x). 
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Hence, 

Jo 7r|Cr Jo 



and so 

ttCICI ttC^ 

It remains to observe that |J2(x)| < const for x G [0,1] and |J2(a;)| < const for 
X € [1,00); see, for example, [W], §7.21. ■ 

Corollary 4.10. The matrix {A^(m — n)}ni,ne2 induces a bounded operator on £"^{2). 

Proof. Put 

iRe(Cn) 

ne^\{0} 

Clearly, the series converges in L'^{[0, 27r]^) and h{C,) = h{( + 2Tr) = h{( + 2Tri). It suffices 
to verify that h G L°°(C). Put 

/io(C) = 47r2^i?(C + 27rn), 
nez 

where H =^ Lemma 4.9 implies that ho G L°°(C). Moreover, 

4vr^ J[o,27tP 

for all n G 2^. Hence, h = ho almost everywhere on C. I 

For r > 0, consider the matrix 

A,. =^ {jA(m - n)p}m,ne2nrD- (4.3) 
The following lemma gives a lower estimate for the operator norm \\Ar\\ of A^. 

Lemma 4.11. Let r > 3. Then ||A,.|| > const log r. 

Proof. Let us first observe that if A = {ajk}i<j,k<n is a matrix with nonnegative 
entries and v = {^^j}i<j<n is the vector with Vj = 1, 1 < j < n, then 

n 

E ajk = {Av,v) < n\\A\\. 
j,k=i 

Thus it suffices to prove that 

E |A(m — n)|^ > constr^logr. 

Put 

Op = card{(m, n) G : m — n = p, |m| < r, |n| < r}, 
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where p € Z. Clearly, ap > const if |p| < ^r. We have 

J2 IM'^-'^)l'= Yl ^> const Yl > const log r. ■ 

m.neZnrB pe2:, p^O peZ, 0<2|p|<r 

Proof of Theorem 4.8. The theorem can be reformulated as follows: 

2r 

l|2)o/lk,^nrD > const logy. 
Clearly, it suffices to assume that 6 = 1 and r > 3. Consider the matrices 

aW {Do/(tn, n)}m,nGZnrO and A^l {A ^(m - n)}m,n&znrO- 

We have 

aW*aP1 = a„ 

where the matrix A^ is defined by (4.3) and the Schur-Hadamard product of matrices is 
defined by (2.2). 

It remains to observe that ||A^|| < const by Corollary 4.10 and ||Ar|| > const log r by 
Lemma 4.11. ■ 



5. Operator and commutator moduli of continuity 

In this section we define the operator modulus of continuity and various versions of 
commutator modulus of continuity. We study their properties and obtain estimates that 
will be used in the next section. 

Let / be a continuous function defined on a closed subset ^ of C. Put 

nj{d) = nf,^{5) "^^^ sup ||/(iVi) - /(iV2)||, 6 > 0, 

where the supremum is taken over all A^i, N2 G N(5) such that ||A^i — A^2|| < 6. We say 
that is the operator modulus of continuity of f. 

def 

If / is defined on a set that contains ^, we put Jl/^gr = fiji^j^y. 
The case 5^ = M was considered in [AP2] . 

Note that the function / on ^ is operator Lipschitz if and only if ^f{S) < const (5, 
S>0. 

Clearly, for every f e C{^), 

w/(<5) < nf{6) (5 > 0, 
where is the (scalar) modulus of continuity of /: 

ujf{6) = sup{|/(Ci) - /(C2)| : ICi - C2I < 5}, <5 > 0. 

On the other hand, it was proved in [APPS2], Theorem 8.2 that for / G C(C), 

^f{6) < const (cjj)*((5), 

where for a modulus of continuity w, the functions is defined by (1.2). In fact, the 
same is true for an arbitrary closed subset of C. 
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Theorem 5.1. Let oj be a modulus of continuity and let ^ be a closed subset of C. 
Then for every f G 

%5<c||/IIa.(5)^*('^). 

where C is a numerical constant. 

Proof. The result reduces to the case ^ = C because each function / G {^) extends 
to a function f\^ G At^;(C) so that ||/ti||Ac^(C) ^ const ||/||aj^(;j)- The appropriate extension 
can be constructed with the help of Whitney type theorems, see [S] for details. ■ 

Let / be a continuous function on a closed subset of C. For S > 0, put 

J7f^((5)'Msup{||/(Ar)A-A/(Ar)|| : AT g N(^), A e SA, \\A\\ = 1, \\NA-AN\\<S} 
and 

nf {5) = sup {\\f{N)R- Rf{N)\\: AT G N(S'), ||-R|| = 1, \\NR- RN\\<S}. 

As in the case of fij , we can write ClJ^ and $7^^ if we want to emphasize the depen- 
dence on a closed set ^. 

Note that in [AP2] and [AP4] in the case of subsets of the real line the notation 

(and ^7jjj) was used for ^J'^ and 

Recall that = fi^^ if 5 C M. This was proved in [AP2] in the case 5^ = R and it 
was observed in [AP4] that the same reasoning works in the case 5^ C M. 

However, the equality does not hold for arbitrary subsets of C. For example, if f{z) = 
z, then f]j-^((5) = 6 and Q,^^{S) = oo. The first equality is trivial. To prove the second 
equality, we observe that Q.'^i^{6) = 6^^^{l) because / is a homogeneous function of 
degree 1. Thus, ^l^i^{d) = oo if and only if / is not commutator Lipschitz. The fact that 
/ is not commutator Lipschitz follows from Corollary 4.3 in [JW]. 

Remark. It is easy to see that $7^-^ = flj^ for every / G C(C). However, as we have 
already observed, J7j 7^ Qj for f{z) = z. 

Recall that an operator R on Hilbert space is called a contraction if < 1. 
The following two theorems show that Theorem 10.2 in [AP2] can be generalized to 
the case of normal operators with spectrum in a fixed closed subset ^ of C. 

Theorem 5.2. Let f be a continuous function on a closed subset ^ ofC. Then 

\\f{Ni)R-Rf{N2)\\ < nj^{ma^{\\NiR- RN2\\,\\N^R- RN^\\}) 

for arbitrary Ni,N2 G N(5) and contractions R. 

Proof. We consider first the case A^i = N2. Replacing R by R+al with ||i2+Q;/|| = 1, 
we see that the case ||i?|| < 1 is reduces to the case ||i?|| = 1. Now the desired inequality 
in the case Ni = N2 can be proved in the same way as the implication (iii)=>(vi) in the 
proof of Theorem 3.1. The general case can be reduced to the case Ni = N2 as in the 
proof of the implication (vi)=^(vii) in Theorem 3.1. ■ 

Remark. Theorem 5.2 shows that the definition of ^J'^ can be replaced with the 
following one: 

nj'^iS) = sup{\\f{N,)A - AfiN2)\\}, 
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where the supremum is taken over A^i and N2 in N(5^) and self-adjoint operators A with 
Pll = 1 such that \\NiA - AN2\\ < S. 



Theorem 5.3. Let f be a continuous function on a closed subset ^ of C. Then 

Proof. The inequaUty < follows from Theorem 5.2. To prove the inequality 
ri^A £ 2Clf, we repeat the arguments of the corresponding part of the proof Theorem 
10.2 in [AP2]. In particular, we will use the following inequality (see [AP2], Lemma 10.4) 

||(/ - r^)V2x - xii - r^)V2|| < "^j[-J|^|;^,^f " , (s.i) 

where X is a bounded operator and T is a self-adjoint operator with ||T|| < 1. 

Let ^ be a self-adjoint operator with ||^|| = 1 and r G (0, 1). Consider the operators 

fN 0\ ( tA (/-r2A2)i/2\ 

^ = and = . 

VO iVy \^_(/_rM2)V2 rA J 

Clearly, is a unitary operator. We have 

Tf{N)A /(iV)(/-r2A2)V2\ 
-/(iV)(I-T2A2)V2 rfiN)A ) 



TAf{N) (7-r2^2)V2/(iv)\ 
-{I-T'A^)^/'f{N) TAf{N) ) 



and 

'^/m = 
Obviously, 

- ^/(^)|| > r||/(iV)^ - AfiN)\\. 
Applying (5.1) with X = N and T = tA, we find that 

11^^ - ^^11 < t\\NA - AN\\ + \\N{I- T^A^) - (/ - r^A^) ^/^Ar|| 
< {t + t^{1-t^)-^/^)\\NA- AN\\. 

Hence, 

\\f{N)A - Af{N)\\ < T-'\\f{^)^ - ^f{^)\\ = r-i||/(^*^^) - /(^)|| 

< T-^J^/(||^*^^ - ^11) = T-^J^/(||^^ - '^^ID 

< r-iJ^/((T + t\1 - r2)-V2) \\NA - AN\\^ . 
Taking r = 1/2, we obtain 

\\f(N)A-Af{N)\\<2nf(^(^^ + ^y\NA-AN\\^ < 2nf{\\NA - AN\\) . U 

Remark. Note that in general for continuous functions / on C, 0/ 7^ ^J^- 
deed, it was shown in [AP4] that there are continuous functions / on M such that 

20 



^f^M. ^/E- On the other hand, it is easy to see that if / is a continuous function 
on M and F(C) = /(ReC), C e C, then Of,c = ^f,R and flj/^ = n^^. 

Theorem 5.4. Let f be a continuous function on a closed subset ^ of C Then 
\\f{m)R-Rf{N2)\\<nf^^{\\mR-RN2\\) 
for arbitrary Ni,N2 G N(5^) and arbitrary contractions R. 
Proof. The proof is similar to the proof of Theorem 5.2. ■ 

Remark. Theorem 5.4 shows that the definition of can be replaced with the 
following one: 

nf{S) = sup{\\f{Ni)R-Rf{N2)\\: TVi, g N(5), \\R\\ = I, WN^R - RN2\\ < 6} . 

Theorem 5.5. Let f be a continuous function on a closed subset ^ of C. Then the 
functions 

S^6-^nJ^{S) and S^S'^nfiS), S > 0, (5.2) 
are nonincreasing. In particular, 

nJ^{Si+62)<nj^{Si) + nj^{52) and nf{di+52)<nf{5i) + nf{S2), di,S2>o. 

Proof. We consider first the case of the commutator modulus of continuity Cl^. It 

suffices to verify that tQ^^S/t) < ^f{5) for S G (0,oo) and r G (0, 1). It follows from 
Theorem 5.4 that 

Tnf{S/T)=TSup{\\f{N)R-Rf{N)\\: = 1, iV G N(5), \\NR- RN\\ <S/t} 
= sup{||/(iV)ii;-ii:/(Ar)|| : = r, iV G N(;?), \\NR- RN\\ <S} 
< nf{6). 

The case of can be treated in the same way if we apply Theorem 5.2 instead of 
Theorem 5.4. ■ 

Corollary 5.6. The functions ^J'^ and are continuous as functions from (0, 00) 
to [0, 00]. 

Proof. It suffices to observe that if the function h : (0, 00) — )• [0, 00] is nondecreasing 
and the function S i-> S~^h{S) is nonincreasing, then h is continuous. ■ 

Wc can consider 3 more versions of commutator moduli of continuity. Let / be a 
continuous function on a subset 5^ of C. Put 

ny{d) = sup {\\fiN)U-Uf{N)\\ : C/gU, iV G N(5), \\NU - UN\\ < d}; 

ny^'^{5)^^'sup{\\fiN)Q-Qf{N)\\: Q G USA, iV G N(5), \\NQ - QN\\ < 6}; 

ny{d)'^= sup {\\f{N)P-Pf {N)\\: PgP, NeN{d), \\NP - PN\\ <6}. 
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Theorem 5.7. Let f he a continuous function on a closed subset 5 of C Then 
Q}^{5) = Oys^(5) = ^f{5) and QFf{5) = ^0/(2,5). 

Proof. Clearly, n^^^ < 9.y < Qf. The inequality 0/ < O^^^ can be proved in 
the same way as in the proof of the implication (iv)=>(i) in Theorem 3.1. The equality 
nj{5) = ^ny^^{25) follows from the fact that Q G USA if and only if Q = 2P - 7 for 
an orthogonal projection P. ■ 

Now we are going to show that the commutator moduli of continuity of Oj-'^ and fij 
can be estimated in terms of operator Lipschitz norms and commutator Lipschitz norms. 

Recall that a subset A of C is called a S-net for ^ if for every z e ^ there exists a 
A G A such that |A — z| < S. 

Theorem 5.8. Let f be a continuous function on a closed subset ^ of C. Suppose 
that 5<5 is a subset of ^ that forms a {5/2)-net of ^. Then 

nJ^{6)<2uf{d/2)+26\\f\\oL(s,) 

and 

nf{6)<2iOfi6/2) + 25\\f\\cL(s^y 

The case C M is Theorem 5.10 in [AP6]. The general case can be proved in the same 
way. 

We need a lower estimate for the commutator modulus of continuity. The following 
theorem can be considered as a version of Theorem 5.11 in [AP2] for functions defined 
on subsets of C. 

Theorem 5.9. Let f be a continuous function on a closed subset ^ofC and let 6 > 0. 
Suppose that A and M are closed subsets of ^ such that (A — M) n C(5D C {0}, where 

c = 2II^IIli(C) '^^^ ^ defined by (4.1). Then 

f^J^(<5)>max|u;^(<5),^||Do/|bA,M}- 
Proof. Clearly, a;/ < < Q^. Note that 

ll®0/||ajtA,M = sup ll®0/||smAncloB(aD),Mnclos(aD)- 

a>0 

Thus it suffices to prove that 

in the case when A and M are bounded. 

Let e > 0. There exist Borel measures A on A and on M, and a function A; in 
L2(A X M, A (g) /x) such that 

||A;|La,m =1, A;SoeL2(AxM,A0/i), and ||A; So/|La,m > ||2)o/lkA m - 
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We define the function feg in L'^{A xM,\(^ fi) by 



ko{z,w) 



def 



k{z, w), if z / 
0, if z = w. 



Then kDof = koVof and by Corollary 2.3, ||feo| 



°A,M 



< 2. We define the normal operators 



Ni : L'^{A,\) L2(A,A) and N2 : L'^{M,n) ^^(M,//) by {Nif){z) = zf{z) and 



def 



{N2g){w) = wg{w). Put 



h{z,w) = —V 

CO 



where is defined by (4.1). Clearly, 
1 



< — 



cS 



f z — w\ 



\k\\ 



A,M 



< 



cS 



f z — w\ 



9Kc 



by Corollary 4.5. 

Clearly, Nilh - ThN2 = Iko and f{Ni)Ih - Thf{N2) = IkoT>of- (Recall that is the 
integral operator from L^(M, /j.) into L^(A, A) with kernel G L^(A x M, A z^).) Then 



'^A,M 



^Oiig 



A,f/ < 6, 

A,M 



and 



/(^i) ( 



ifh ) /(iV2: 



i^||/^o2)o/|IbA,. >-(||2)o/IKm-£)- 



Hence, Vl'^iS) > | (HSo/lk^.M - ^) for every e > 0. ■ 

Theorem 5.9 allows us to obtain the following generalization of Theorem 4.17 in [AP4]. 

Theorem 5.10. Let f he a continuous function on an unbounded closed subset 5 0/ 
C. Suppose that ^^{8) < 00 for S > 0. Then the function z i->- z"^ f{z) has finite limit 
as \z\ — >■ 00, 2; G S^. 

Proof. We repeat the arguments of the proof of Theorem 5.12 in [AP6]. Assume 
the contrary. Then there exists a sequence {A„}^^ in ^ such that |A„+i| — |An| > c for 
all n > 1, where c is the same as in Theorem 5.9, lim^^oo \^n\ = oOj and the sequence 
{^n^ f {^n)}'^=i has no finite limit. Put 

A^'^iK: n>l}. 

Then D^f Tl^. This fact is contained implicitly in [JW]. Indeed, Theorem 4.1 in [JW] 
implies that if 2)o/ £ SUIa, then / has complex derivative at every nonisolated point of 
It can be shown that the same argument gives us the differentiability at 00 in the 
following sense: the function z (->■ z~^f{z) has finite limit as \z\ 00, provided the 
domain of / is unbounded. Applying Theorem 5.9 for M = A and (5 = 1, we find that 
Q!f{l) = oo. ■ 
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Remark. Theorem 5.10 can also be proved in the same way as Theorem 4.17 in 
[AP4]. 

Let M and N be (not necessarily bounded) normal operators in a Hilbert space and let 
i? be a bounded operator on the same Hilbert space. We say that the operator MR — RN 
is bounded if i?,(i^jv) C &m and \\AdRu — RN'uW < C\\u\\ for every u € S^n- Then there 
exists a unique bounded operator K such that Ku = MRu — RNu for all u G ^n- In 
this case we write K = MR - RN. Thus MR - RN is bounded if and only if 

\{Ru,M*v) - {Nu,R*v)\ < C\\u\\ ■ \\v\\ (5.3) 

for every u G and v G i^M* = ^M- It is easy to see that MR — RN is bounded 
if and only if N*R* - R*M* is bounded, and {MR - RN)* = -{N*R* - R*M*). In 
particular, we write MR = RN if i?(^iv) C &m and MRu = RNu for every u £ 
We say that \\MR — RN\\ = oo if MR — RN is not a bounded operator. 

Let us state now an analog of Lemma 4.4 in [AP4] for normal operators. Recall that 
for a bounded operator R, the singular values Sj{R) arc defined by 

Sj{R) = mf{\\R- K\\ : iankK<j}, j > 0. 

Lemma 5.11. Let AI and N be (not necessarily bounded) normal operators and let 
R be an operator such that \\R\\ = 1. Then there exist a sequence of operators {Rn}n>i 
and sequences of bounded normal operators {M„}„>i and {Ar„}n>i such that 

(i) a{Mn) C a{M) U {0} and a{Nn) C a{N) U {0}; 

(ii) the sequence {||-Rn||}n>i 'is nondecreasing and 

lim \\Rn\\ = 1; 

n— >-oo 

(iii) 

lim Rn = R 

n— >-oo 

in the strong operator topology; 

(iv) for every continuous functions f on C, the sequence {||/(M„)i?„ — i?„/(A^„)||}^^^ 
is nondecreasing and 

lim \\f{Mn)Rn-Rnf{Nn)\\ = \\fiM)R-Rf{N)\\; 

(v) if f is a continuous function on C such that \\f{M)R — Rf{N)\\ < oo, then 

lim f{Mn)Rn - RnfiNn) = f{M)R - Rf{N) 

n— >oo 

in the strong operator topology; 

(vi) if f is a continuous function on C such that \\f{M)R — i2/(A^)|| < oo, then for 
every j > 0, the sequence |sj(/(M„)i?„ — i?„/(A^„)) }^^^ is nondecreasing and 

\im^sj{f{Mn)Rn - RnfiNn)) = sj{f{M)R - Rf{N)). 
Proof. Put Pn '= EM{nB), Qn *= £^7v(raB) and Rn '= PnRQn, where Em and En 

def def 

are the spectral measures of M and N. Put M„ = PnM = MPn and Nn = Qn^ = 
NQn- Statements (i), (ii) end (iii) are evident. Clearly, 

Pn{f{Mn+i)Rn+l - Rn+lf{Nn+l))Qn = f{Mn)PnRQn - PnRQn f{Nn), U > 1. 
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Hence, the sequence \^Sji^f{Mn)Rn — Rnf (Nn))} is nondccrcasing for every j > 0. In 

particular, the sequence \^\\f{Mn)Rn — -^?i/(-^?i)||}„>i nondecreasing. Statement (v) 
follows from the identity 

Pn{f{M)R - Rf{N))Qn = f{Mn)PnRQn " PnRQnf{Nn). n>l. (5.4) 

It is easy to see from (5.4) that (v)^(vi). 

It remains to prove (iv). If lim„_).(x, \\f{Mn)Rn - Rnf{Nn)\\ = oo, then the result 
follows from (v) with the help of an argument by contradiction. 

Suppose that lim„^oo \\f{Mn)Rn — Rnf{Nn)\\ < oo. Let u G ^f{N)- Clearly, the se- 
quence {Rnf{Nn)u}'^^i = {i2„/(A^)u}^^ converges. Hence, the sequence 
{f{Mn)Rnu}^^^ = {f{M)Rnu}^^^ IS bounded. Taking into account that i?,„?i Ru as 
n — oo, we find that Ru € ^f{M) ^^'^ f{Mn)RnU = f{M)RnU — >■ f{M)Ru in the weak 
topology. Thus, we have proved that R{&f(^]\f)) C S^f(M) a-iid 

\\f{M)Ru-RfiN)u\\<\\u\\ lim \\f{Mn)Rn - Rnf{Nn)\\ 

for all u G ^f(N)- Hence, 

\\f{M)Ru-Rf{N)u\\< lim \\f{Mn)Rn-Rnf{Nn)\\. 

The opposite inequality follows from (5.4). ■ 

Corollary 5.12. Theorem 3.1 remains valid for not necessarily bounded normal op- 
erators. Moreover, each of the statements (i)-(vii) in Theorem 3.1 is equivalent to the 
corresponding statement for not necessarily bounded normal operators with spectrum in 
^. 

Proof. We can assume that € 5. Note that statement (vii) for not necessarily 
bounded normal operators with spectrum in 5 implies the remaining statements. Thus 
it suffices to verify that statement (vii) for bounded normal operators with spectrum in 
5 implies the same statement for arbitrary normal operators with spectrum in ^. This 
immediately follows from Lemma 5.11. ■ 

Lemma 5.11 also implies that Theorems 3.2, 5.2 and 5.4 remain valid for not necessarily 
bounded normal operators.. 

Theorems 5.2 and 5.4 for not necessarily bounded normal operators imply that we 
obtain the same commutator moduli of continuity ^^'^ and f^j j if we allow in the 
definitions of ^J'^ and unbounded normal operators Ni and • 

We are not able to prove similar results for fiy j, ^Y^, ^/^f^ and f^j 

Theorem 5.13. Let ^ be an unbounded closed subset of C and let f G C{^). Then 
\\f{N,)-f{N2)\\<2nf,^{\\N,-N2\\) 
for arbitrary (not necessary bounded) normal operators Ni and N2 with spectra in ^. 
Proof. We have 

||/(iVi) - fiN2)\\ < oJIdiiVi - AT^ii) < 2nf,^{\\N, - N2\\). m 
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Remark. A similar result with the same constant 2 can be proved for Qj-g, f^^S^ 
and Indeed, it suffices to observe that Theorem 5.7 can be proved in the same way 
for "unbounded" versions of il/.j, ^Y^, ^71^ ^^'^ 

Definition 1. For a continuous function / on a closed subset ^ of C, we consider the 
map 

AT ^ /(AT) (5.5) 

defined on the set of all (not necessarily bounded) normal operators with spectrum in 
^. Let Nq be a (not necessarily bounded) normal operator with spectrum in 5^. We say 

that the mapping (5.5) is continuous at Nq if for arbitrary e > there exists 5 > such 
that ||/(A') — /(Ao)ll < e, whenever A" is a normal operator with spectrum in 5 such 
that ||A/"- Aoll < S. 

We say that / is operator continuous if the map (5.5) is continuous at every (not 
necessarily bounded) normal operator A^ with spectrum in ^. 

It is easy to see that if / is a continuous function on 5, then the map (5.5) is continuous 
at every bounded normal operator A" in N(5). Indeed, this is obvious when / is a 
polynomial of two real variables. The result for arbitrary continuous functions follows 
from the Stone-Weierstrass theorem applied to the polynomials on the closure of a 
bounded neighborhood of cr{N) in 5- 

Definition 2. Let / be a continuous function on a closed subset ^ of C. It is 
called uniformly operator continuous if for every £ > 0, there exists 6 > such that 
||/(Ari) — f{N2)\\ < e, whenever A^i and N2 are normal operators with spectra in ^ such 
that \\Ni-N2\\ < 5. 

Theorem 5.14. Let f be a bounded uniformly continuous function on C. Then f is 
uniformly operator continuous. 

Proof. Let lo = ojf. Then a; is a bounded modulus of continuity, and so a;* (5) < 00, 
6 >0. The result follows now from Theorem 8.2 of [APPS2]. ■ 

Corollary 5.15. Let f be a bounded uniformly continuous function on a closed subset 

of C Then f is uniformly operator continuous. 

Proof. It suffices to extend / to a bounded and uniformly continuous function on C. 
To construct such an extension, one can use the first operator of continuation that was 
considered in [S], Ch. VI, §2.2. ■ 

Theorem 5.16. Let f be an operator continuous function on a closed subset of C. 
Then 

limOf((5) = 0, 
and so f is uniformly operator continuous. 

The proof is similar to the proof of Theorem 8.2 in [AP2]. 
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6. Estimates of commutator moduli of continuity 



In this section we obtain estimates of commutator moduli if continuity. In particular, 
we show that for a G (0, 1), functions / in the Holder class Aq(]R^) must be commutator 
Holder of order a, i.e., ||/(A^)i?— i?/(A^)|| < const HATr — i^ATH^Hii!!!^"" for every normal 
operator and every bounded operator R. 



Theorem 6.1. Let f{z) = z and < d < r. Then 

C,S\og ^ < J^5:,i„,(,„)(<5) < C^Slog ^, 
where positive numbers Ci and C2 are absolute constants. 

Proof. We first prove the upper estimate. Note that the set {S/3)Z fl clos(rI])) is a 
((5/2)-net for clos(r]D)). By Theorem 5.8 we have 

^/!clos(rD)(<^) < 2w/,clos(rD)(<^/2) +2(5||/||cL(3^5), 

where = i^/^)^ ^ clos(r]D)). It remains to observe that 2ci;^(,ios(rl»)(^/2) < ^ and to 

def def 

apply Corollary 4.3. Now we prove the lower estimate. Put A = M = cSZ fl r clos B, 
where c denotes the same as in Theorem 5.9. By Theorems 5.9 and 4.8, we obtain 

5 2r 
^'f,ciosirO)i^) > 2II^o/||ota > const (51og—, 

provided r > cS. The case where S < r < cS is evident. ■ 

Corollary 6.2. Let Ni and N2 be normal operators and let R be a contraction. Then 

m; - N;m < co^t (log 1^^™^) - n^. 

Proof. Put r = IIA^ill + ||A^2||- It remains to apply Theorem 5.4. ■ 
We use the following notation: 

Ax = {{x,x): xeX} 

for a set X. 

Lemma 6.3. For every a > 0, there exists a Borel partition \Ga of C such 

that 

9 

[{z,w) e : dist{{z,w),Ac) < a} C (J G'^^ C \^{z,w) G : dist((z, it;), Ac) < 3a}, 

i=i 

II^G« lU.c = ^ for j = 1,2,..., 9, and ||xg(o) [[^^(CxC) ^ 

Proof. We consider first the standard partition of C in the squares Qn with side of 
length 1: 

C=\jQn, 
neZ 
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where 

Qo {z e C : < Re z, Im z < 1} and Qn'= n + Qo- 
Denote by =S the set of all squares Qn with n e Z. Given n e Z, we define the set 
by *== U (Q X (t^ + Q))- Clearly, the family {^n}n€Z forms a partition of C^, 

and IIXaTnllOTc ~ ^ every n €z Z hy (2.3). Wc enumerate the sets A^n with |n| < \/2 

by a sequence {G^^^^j^^ and put G^o) = \ Uj^iC^^). Then ||XgO)|Lc = ^ 
j = 1, 2, . . . , 9 and 



It is easy to see that 

9 

2; — w| < 2V2} 

and x/2 dist {{z, w), Ac) = |z - Putting gI^^ =^ G^^) for j = 0, 1, ... 9, we obtain the 
desired result for a = The general case can be reduced to this special case with the 
help of dilations. ■ 

Lemma 6.4. Suppose that a and S are positive numbers and let f be a bounded 
continuous function on C such that 

supp=^/c{CeC: \C\<cr}. 

Then 

WfWcLiSZ) < l|2>o/lb,^ < const a log (l + ^) 

Proof. The case aS > 1 reduces to Corollary 4.7. Suppose that aS < 1. Clearly, it 
suffices to consider the case when 5 = 1. It follows from Theorem 5.1 in [APPS2] that 
there exist functions gi, g2 € 9Jtc such that f{z) — f{w) = gi{z,w){z — w)+g2{z,w){z—W) 
and 1 1 51 1 1 + 1 1 52 1 1 OTc ^ const a 1 1 / 1 1 1,00 . We do not need the continuity of gi and g2 ■ Thus 
we may assume that gi{z, z) = g2{z, z) = for every z e C Clearly, 

(2)o/)(z, w) = gi{z, w) + {z- w)X{z - w)g2{z, w). 

Let Ga^ denote the same as in Lemma 6.3 with a = a~^. Then 

9 

i^of){z,w) =XQ(o){z,w){^of){z,w) +^XQU){z,w)gi{z,w) 

j=i 

9 

+ ^{z- w)X{z - w)XqU) {z, w)g2{z, w). 

We have 

XMo) {z, w){^of){z, w) = f{z)x^{o) {z, w)\{z -w)- f{w)xMo) {z, w)\{z - w). 
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z — w 



< const c7||/||l° 



Hence, 

a 

by Corollary 4.5. Let j > 1. Applying Lemma 6.3, we obtain 

\\xQU){z,w)gi{z,w)\\^^ < \\gi{z,w)\\Mc < const o-||/||l<x.. 

It remains to estimate ||(z — u;)A(2; — w)xQU){z,w)g2{z,w)\\^^ for j > 1. Lemma 4.1 
implies the following inequality 

II {z - w)X{z - w)XqU) {z, w)\\^^ < const log(l + a~^). 

Hence, 

II (z - w)\{z - w)XqU) {z, w)g2{z, w)\\^^< const log(l + a~^)\\g2{z, w)\\mc 

< const (jlog(l + a-"^)||/||Loo. ■ 



We need the following well-known result in approximation theory (see e.g.. Theorem 
2.1 in [APPS2]): 

Theorem 6.5. For every uniformly continuous function / on C and every positive d 
there exists a uniformly continuous function fd such that 

supp^/dC{CeC: \C\<d-^}, cof^<Cu;f, and \\f - fdh^ < Ccof{d), 

where C is an absolute constant. 



Recall that for a modulus of continuity oj, 



and 



dt 



uj^^{d) = {u}^)^[d) = 6 J p dt = J p dt. 

Clearly, for nondecreasing uj, we have a; < a;* < w**. 

Theorem 6.6. Let f be a uniformly continuous function on C such that 
< oo for 5 > 0. Then Dof G dJlsz and 

W^olWmsz ^ g 

for every S > 0, where C is an absolute constant. 

Proof. By Theorem 6.5, there exists a sequence of uniformly continuous functions 
{fn}n=o such that 

supp=^/„C (CgC: \C,\<2-^5-^}, cof^<Ccjf, and ||/ - /„||loc < Ca;;(2'*<5), 
where C is an absolute constant. 
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We may assume that /n(0) = /(O). Then we can find a subsequence {fnj}'jLo that 
converges everywhere on C. Note that g{z) = hm fnAz) for all z E C, then ojg < Coot 

and supp#"(7 = {0}. Hence, 5 is a constant function because (a;/)** (5) < 00. This 
implies that \min^^'DQfn{z,w) = for all {z,w) G C^. Consequently, 

00 

ll^o/lk,, < ll^ol/ - /o)|k,, + - 

n=0 

By Corollary 4.7, 

||2)o(/-/o)lk,, < const 

By Lemma 6.4, 

Pol/n - /n+i)lk,^ < const 2-"(5-i(n + l)cu/(2",5). 
It remains to observe that 

a;/(i(5)log(i + l) 

Z, \n -r ±JLUJ- y^ — ^^UliBU I 

n=0 



00 

+ V 2-'"(n + l)w/(2"(5) < const / 



-dt 



u)f{t6) logt 



< const a;/ (0) + const j — — 

ojf{t5)\ogt ^ , , 

< const j — — p oti = const(a;/)**(o). 



Corollary 6.7. Let (5 > and let f he a uniformly continuous function on C such 

that (a;/)**((5) < 00, (5 > 0. Suppose that Ni and N2 are normal operators with spectra 
in 6Z and R is a contraction such that the operator RNi — N2R is bounded. Then 

WRfiNi) - fiN2)R\\ < const S-\ujfU{6)\\RNi - N2R\\. 

Proof. The result follows from Theorem 6.6. ■ 

Theorem 6.8. Let f be a uniformly continuous function on C. Then fij < const a;/^^ . 
Proof. It suffices to apply Theorem 6.6 and Theorem 5.8 for 5^ = C and = {2S/3)Z. 

U 

Theorem 6.9. Let f be a uniformly continuous function on C such that (tJ/)**((5) < 
00, 6 > 0. If Ni and N2 are normal operators and R is a contraction such that the 
operator RNi — N2R is hounded, then 

\\Rf{Ni) - f{N2)R\\ < const {ufU{\\RNi - N2R\\). 

Proof. The result follows from Theorem 6.8 and Theorem 5.4. ■ 

Corollary 6.10. Let u be a modulus of continuity such that < Clo for a positive 
number C and let f G A(^(R^). If Ni and N2 are normal operators and R is a contraction 
such that the operator RNi — N2R is bounded, then 

\\Rf{Ni) - f{N2)R\\ < const a;(||i?Ari - N2R\\). 

30 



Proof. It suffices to observe that a;*^, < C'^uj and apply Theorem 6.9. ■ 
Theorem 6.11. Let < a < 1 and f e Aa(M^). Then 

\\Rf{Ni) - f{N2)R\\ < const j7^^\\RNi - N2Rr\\R\\^"^, 

whenever Ni and N2 are normal operators and R is bounded operator such that the 
operator RNi — N2R us bounded. 

Proof. The result can be easily deduced from Theorem 6.9. ■ 

Corollary 6.12. Let f G Lip(C) n L°°(C). Then 

WRfiNi) - f{N2)R\\ < const ||/||Lip||i?iVi - N2R\\ ■ log' ^2 + y\\^J^j^^^_ ^^j^^^ 

whenever Ni and N2 are normal operators and R is bounded operator such that the 

operator RNi — N2R us bounded. 

Proof. Again, the result immediately follows from Theorem 6.9. ■ 

Remark. It is interesting to compare above results with the results of [APPS2] quoted 
in the introduction that estimate the quasicommutator norms ||i?/(A''i) — f{N2)R\\ in 
terms of max{\\RNi - N2R\\, \\RNl - N^R\\}. 

Theorem 6.8 and all results that follows from this theorem can be generalized, in the 
spirit of Theorem 5.1, to the case of functions defined on a closed subset of C. We state 
only a version of Theorem 6.8. 

Theorem 6.13. Let f € Ai^{^), where ^ is a closed subset of C and co is a modulus 
of continuity. Then 

^f^^ < c'II/IIa„(3^)^^**, 

where C is an absolute constant. 

The proof repeats the proof of Theorem 5.1. 



7. Constants in operator Holder inequalities 



As we have mentioned in the the introduction, it was proved in [APPS2] that the 
Holder class Aa(M^), < a < 1, coincides with the class of operator Holder functions of 
order a. Moreover, the best constant in inequality (1.1) can be estimated from above in 
terms of const(l — a)~^. In this section we obtain a lower estimate for the constant in 
inequality (1.1). 

Consider the operator Holder semi- norm on Aq,(R^): 

def^ f ||/(A^i)-/(Ar2)|n 

ll/lloA„ =sup| ||jv,_jv^||» 1^ 0<«<1, 

where the supremum is taken over all bounded normal operators Ni and N2 such that 
Ni ^ N2. Denote by OAq,(R^) the space Aq,(]R^) equipped with the semi-norm || • ||oAa- 
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Let f)Q be the norm of the identity operator from Aq,(M^) to OAa(M^), i.e., 

i}a = sup{||/||oA„ : / e Aa(M), ||/||a„ < 1}. 
Recall that it was proved in [APPS2] that t)a < const(l — a)"^. 

Theorem 7.1. There exists a positive constant C such that i)a ^ C{1 — a)"^/'^ for 
all a G (0, 1). 

Proof. We prove the desired low estimate even in the case of functions on M and 
self-adjoint operators. 

By Theorem 9.9 in [AP6], t here exists a function / G C~(M) such that ||/||loo < 1, 

< 1 and > cJy'^log"! for every 5 G (0, 1), where c is a positive constant. 

Clearly, 

\x — y\°' \x — y|" 

and so ||/||a„ < 2^-" for a G (0, 1). Hence, 

for arbitrary a and 6 in (0, 1). Substituting 6 = 2exp(— j^), we obtain 

[)„>^(l-arV2 

for a G (0,1). ■ 
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